A no-signalling channel transforming quantum systems in Alice's and Bob's local laboratories is compatible with two different causal structures: (A B) Alice's output causally precedes Bob's input and (B A) Bob's output causally precedes Alice's input. I show that a quantum superposition of circuits operating within these two causal structures enables the perfect discrimination between no-signalling channels that cannot be perfectly distinguished by any ordinary circuit.
Distinguishing between two objects is one of the most fundamental tasks in statistics and information theory, with applications in hypothesis testing and signal detection. In the realm of Quantum Mechanics, an instance of the problem is the discrimination between two quantum channels [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] : In this scenario, one has access to a black box implementing a transformation of quantum systems, which is assumed to be either C 0 or C 1 , and the goal is to identify such a transformation with maximum probability of success.
Many surprising features of quantum channel discrimination have been discovered so far. For example, two unitary channels that are not perfectly distinguishable with a single use become perfectly distinguishable when a finite number of uses is allowed [1, 2] . Although the result does not require quantum entanglement [5] , this phenomenon never occurs in the classical world [12] .
Other remarkable phenomena arise when the two channels C 0 and C 1 have a bipartite structure, i.e. they take input states on the Hilbert space A ⊗ B to output states on the Hilbert space A ′ ⊗ B ′ , as in the following diagram
We can imagine that the channels C 0 and C 1 transform quantum states provided by two users, Alice and Bob. If the state of Alice's output A ′ does not depend on the state of Bob's input B, then we say that C 0 and C 1 are no-signalling from Bob to Alice (B-no-signalling, for short). Eggeling, Schlingemann, and Werner [13] showed that every B-nosignalling channel C can be realized as the concatenation of a channel A on Alice's side followed by a channel B on Bob's side, with some information transferred from Alice to Bob via a quantum memory M : In other words, a channel that does not signal from Bob to Alice is always compatible with a causal structure where Alice's output precedes Bob's input, denoted by A B. As a consequence, to discriminate between two B-nosignalling channels we can use a sequential strategy [7] , where the channel C i (either with i = 0 or with i = 1) is inserted in a quantum circuit with causal structure A B, thus producing the output state ρ seq i given by
(here R and R ′ are suitable quantum systems, M i is the quantum memory needed for the realization of channel C i , Ψ is a pure state on R ⊗ A and W is a unitary channel sending states on R ⊗ A ′ to states on R ′ ⊗ B). Ref. [7] showed that sequential strategies offer an advantage over parallel strategies, where the unknown channel C i is applied to an entangled input state Ψ, producing the output state ρ 
In particular, Ref. [7] provided an example of two B-no-signalling channels that can be perfectly distinguished by a sequential strategy, whereas every parallel strategy has a non-zero probability of error. More recently, Harrow, Hassidim, Leung, and Watrous [12] showed that the same phenomenon can occur even in the absence of a quantum memory, when the two channels C 0 and C 1 are of the product form
. Channels of this form are a particular example of no-signalling channels [14, 15] , namely, channels that are both B-no-signalling and A-no-signalling. As such, they are compatible with two different causal structures: A B (Alice's output precedes Bob's input) and B A (Bob's output precedes Alice's input). However, this fact is not relevant in the example by Harrow et al, because in their case one has A i = B i for i = 0, 1 so that it makes no difference whether A i is applied before B i or vice-versa.
In this paper I show that the compatibility of no-signalling channels with different causal structures opens up a new possibility for channel discrimination, which was not predicted by the standard model of quantum circuits. To demonstrate this possibility, I will provide an example of two no-signalling channels that cannot be perfectly distinguished by any sequential strategy (neither with causal structure A B, nor with causal structure B A), whereas a quantum superposition of sequential strategies with different causal structures [16] enables perfect discrimination. The example is simple: it involves two-qubit channels, with C 0 consisting of two von Neumann measurements on the same random basis, and C 1 consisting of two rotations of π around a random pair of orthogonal axes in the Bloch sphere. Surprisingly, perfect discrimination between C 0 and C 1 is achieved by superposing two sequential strategies that separately are very inefficient: in fact, they are outperformed even by some parallel strategies. This suggests an analogy with Parrondo's paradox in classical game theory [17] , where the combination of two loosing strategies leads to a winning strategy. Practically, the superposition of different sequential strategies can be implemented by a quantum network where the connections among devices are not pre-determined, but instead can be controlled by the state of some quantum system, as in the quantum switch of Ref. [16] .
Before presenting the example it is useful to spell out precisely the meaning of the expression "quantum superposition of circuits", reviewing some ideas from Ref. [16] . Let us start from the simplest case where there is no quantum memory and the channels C 0 and C 1 are of the product form C i = A i ⊗ B i , i = 0, 1. First, we write down the Kraus forms
Then, for each value of (k, l) a sequential circuit with causal structure A B (like the circuit in Eq. (1)) yields the (unnormalized) pure state
whereas a sequential circuit following the causal structure B A yields
where Ψ is a pure state in B ⊗ R and W is a unitary operator from B ′ ⊗ R to A ⊗ R ′ . Suppose now that we have at disposal a coherent mechanism that chooses the first circuit when the state of a control qubit is |0 , and the second when the state is |1 . As mentioned in Ref. [16] , this can be in principle achieved by a set of switches that turn on and off the connection of the different devices depending on the state of the control qubit. Such a control mechanism is the analogue for circuits of the mechanism in the Schrödinger's cat thought experiment: We have a microscopic system (the control qubit) becoming entangled with a macroscopic one (the position of the switches). If the control qubit is prepared in the state |+ = (|0 + |1 )/ √ 2, then the output of the network is (
Taking the corresponding density matrix and summing over all possible Kraus elements we then get the output state
The first two terms in Eq. (5) are the classical ones, corresponding to the random choice of two possible circuits with causal structures A B and B
A. The off-diagonal terms have no classical interpretation: they represent the quantum interference between the two different causal structures. Note that these terms do not depend on the particular Kraus representation chosen for the channels A i and B i : had we chosen another Kraus representation, after summation we would have obtained the same result. Eq. (5) can be extended by linearity to the case of generic no-signalling channels, by writing the Kraus form C i (ρ) = k C ik ρC † ik and expanding the Kraus operators as C ik = l A ikl ⊗ B ikl .
We are now ready to discuss our example. Here, all systems are qubits:
Channel C 0 consists of two von Neumann measurements on the same random basis
where d U is the normalized Haar measure on SU (2) and M U is the single-qubit channel given by
, |1 } being the computational basis. Channel C 1 consists of two rotations of π around a pair of random orthogonal axes in the Bloch sphere:
where
, X and Y being the Pauli matrices representing rotations of π around the x and y axes, respectively.
The discrimination between C 0 and C 1 is equivalent to the discrimination between two product channels C 0,U := A 0,U ⊗ B 0,U and C 1,V := A 1,V ⊗ B 1,V , with A 0,U ≡ B 0,U := M U and A 1,V := X V and B 1,V := Y V , where the unitaries U and V are completely unknown. To achieve perfect discrimination between C 0,U and C 1 , V we take a quantum superposition of the following two circuits:
where ϕ is a fixed pure state and U 0 := U and U 1 := V . The key idea is that the Kraus operators of C 0 and C 1 behave very differently when we switch the ordering from A B to B A: the Kraus operators of A 0,U and B 0,U commute for every U (they are projectors on the same basis vectors), whereas the Kraus operators of A 1,V and B 1,V anticommute for every V . The difference between commutation and anticommutation cannot be detected by any circuit, but becomes visible in the interference terms when we superpose the two circuits a) and b): Using Eqs. (3), (4), and (5) with one-dimensional R and R ′ , Ψ = Ψ = ϕ and W = W = I, we obtain the output states We now show that no quantum circuit with fixed causal structure can perfectly distinguish between C 0 and C 1 . The proof requires the formalism of quantum combs [18, 19] , which allows one to consider the most general sequential strategies. This formalism makes extensive use of the Choi isomorphism [20] between a channel C transforming states on H and the positive operator C on H ⊗ H defined by C := (C ⊗ I)(|I I|), where I is the identity map and |I is the maximally entangled vector |I := n |n |n , {|n } being a fixed orthonormal basis for H . In general, we will use the "double ket" notation |Ψ := (Ψ ⊗ I)|I , where Ψ is any operator on H . Defining H 1 := A, H 2 := A ′ , H 3 := B, H 4 = B ′ , we have that the Choi operator of the channel C i , i = 0, 1 is the operator on H 4 ⊗ H 3 ⊗ H 2 ⊗ H 1 given by
|m m| ⊗ |m m| ⊗ |n n| ⊗ |n n|
while U and U * are the unitary channels defined by U(ρ) := U ρU † and U * (ρ) = U * ρU T , U * and U T denoting the complex conjugate and the transpose of the matrix U , respectively.
Let us consider discrimination strategies with causal structure A B. The discrimination is represented by a binary quantum tester [7] , namely by two positive operators T 0 and T 1 that give the probabilities of the measurement outcomes according to the generalized Born rule p(i|C j ) = Tr[T i C j ]. The normalization of the tester is given by the condition T 0 + T 1 = I 4 ⊗ Ξ, where Ξ is a positive operator on H 3 ⊗ H 2 ⊗ H 1 satisfying the relation
Now, it is clear from Eq. (9) that the outcome probabilities are not affected if we replace each T i , i = 0, 1with its average
Since the average commutes with all the unitaries U ⊗ U * ⊗ U ⊗ U * , we can assume without loss of generality the commutation relation
From Ref. [7] , we know that distinguishing between the two channels C 0 and C 1 with the tester {T 0 , T 1 } is equivalent to distinguishing between the two states ρ 0 and ρ 1 given by 
having defined 
The most general expression for a positive operator Ξ commuting with U ⊗ U ⊗ U is then
is the projector onto 
We now compute the overlap in Eq. (13) and show that is cannot be zero. Note that
Decomposing Λ 0 and Λ 1 on the invariant subspaces with given total angular momentum we obtain (cf. Appendix A )
where d j := 2j + 1 and P j;(k,l) is the projector on the subspace with total angular momentum j, resulting from the tensor product of the two subspaces where spins 1 and 2 have total angular momentum k and spins 3 and 4 have total angular momentum l, respectively. Inserting the above expressions in Eq. (13) 15). This concludes the proof that there is no circuit with causal structure A B is able to discriminate perfectly between C 0 and C 1 . It is immediate to prove the same result for circuits with causal structure B A: indeed, the Choi operators C 0 and C 1 are invariant under the exchange (A, A ′ ) ↔ (B, B ′ ). A remarkable feature of our example is that perfect discrimination is achieved by superposing two strategies that, considered separately, are very inefficient: It is easy to show that the probability of success of the strategies a) and b) in Eq. (8) . However, parallel strategies cannot be used to construct a perfect discrimination scheme. Quite paradoxically, it is exactly by superposing two sub-optimal strategies that one can achieve perfect discrimination. This feature suggests an analogy with Parrondo's "paradox" in classical game theory, where the alternate choice of two loosing games yields a winning game (i.e. a game where the optimal strategy yields a winning probability larger than 1/2). In the quantum example this counterintuitive feature is even more striking: the probability of winning the discrimination game jumps to p succ = 1 thank to the quantum superposition of the loosing strategies a) and b).
In conclusion, we saw that finding the optimal discrimination of no-signalling channels forces us to go beyond the standard quantum circuit model, where the connections among devices are fixed once for all according to a predetermined causal structure: In our example perfect discrimination can be achieved only via a quantum superposition of circuits with different causal structures. Such a result is similar in spirit to that of Oreshkov, Costa, and Brukner [21] , who showed the advantage of non-causal strategies in a non-local (Bell-inequality-type) game, Note however that the non-causal strategy of Ref. [21] is not interpreted as a quantum superposition of circuits with definite causal structure. Finally, it is woth observing that the example presented here consisted of two local channels at Alice's and Bob's sides correlated by a classical parameter (the choice of the random basis). An interesting open problem is whether the superposition of different causal structures implies an advantage in the discrimination between nosignalling channels of the product form C 0 = A 0 ⊗ B 0 and C 1 = A 1 ⊗ B 1 .
angular momentum k and spins 3 and 4 have total angular momentum l. Taking the average of Λ 1 we then obtain
To find the components of Λ 0 on the invariant subspaces we express it as 
Hence, taking the average of Λ 0 we obtain Hence, we will have
where Q j;(k,l) is the projector on the subspace with total angular momentum j, resulting from the tensor product of the Hilbert space H 4 with the subspace of H 1 ⊗ H 2 ⊗ H 3 where with total angular momentum k and L j;(
2 ) is a positive operator with support contained in the subspace with total angular momentum j, resulting from the tensor product of the Hilbert space H 4 with the subspace of H 1 ⊗ H 2 ⊗ H 3 with total angular momentum 1 2 . Note that, since the representation with j = 2 has unit multiplicity, we necessarily have Q 2,:( 
Now, the three terms in the sum are all non-negative. Hence, in order to have Tr[ρ 0 ρ 1 ] = 0 they must all vanish. In particular, we must have a = 0, whence Eq. (B1) becomes 
To continue the calculation we now need to give the explicit expression for L 1;( 
To conclude the calculation, we express the projectors P 1;(1,0) , P 1;(0,1) , and P 1;(1,1) as 
